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Abstract

In this paper, we present a method that generates a smooth triangular grid around an object.
A grid in a two-dimensional physical space will be generated by solving Cauchy-Riemann equations
in the physical space by treating the grid as unknown. The method is in principle the same as the
elliptic grid generation method.

1 Introduction

The grid generation by elliptic partial differential equations has been a popular technique for quite
sometime. The main advantage of the method is the fact that the resulting grid is smooth and orthogonal
which are very important to the accuracy of the numerical solution. The idea can be easily understood
by considering two Laplace’s equations with Dirichlet boundary conditions. The contours of the solutions
are smooth and nonintersecting, i.e. form a good grid. However, it is in reality impossible to solve the
equations in the domain of interest simply because a fixed computational grid is not available in the
domain. Therefore we interchange the roles of the independent and dependent variables and solve the
transformed equations in the solution space. The resulting equations are highly nonlinear, and therefore
they are always solved in an iterative manner starting with a reasonable initial grid. It is very important
here to note that the equations we want to solve are in fact Laplace equations in the physical domain.

The method we propose in this paper is based on the fact that two Laplace’s equations are equivalent
to Cauchy-Riemann equations. That is to say,

§ox + &y = 0 (1)
New +1yy = 0 inQ (2)
are equivalent to
Extmy = 0 (3)
Ne—& = 0 inQ (4)

where (2 is the domain of interest in x — y space, and Dirichlet boundary conditions are assumued to be
given for £ and 1 on 9. Now exchanging the variables, we obtain from (1) and (2)
axee — 2Bxen + YTy, = 0 (5)
Wee = 2BYen +VYm = 0 (6)
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where
a=a+yn, B=xery+yeyy, V=2 +YE (7)
and from (5) and (6)
Tetyy = 0 (8)
Ty —ye = 0. (9)

Here it is important to note that these equations are obtained finally by multiplying(or dividing) both
sides by the Jacobian,

Jj= fa;ny - gynw = (ynxﬁ - mnyf)il- (10)
Seemingly the transformed equations of Cauchy-Riemann system (5) and (6) are linear and thus easy
to solve while those of Laplace’s equations are highly nonlinear and complicated to solve. However the
point we like to emphasize is not the linearity but its simpleness. As a matter of fact, the equations that
we solve will be nonlinear as shall be described later.
In the next section, we describe the least-squares method for Cauchy-Riemann equations and its use
for grid generation. A computational result is presented in the following section.

2 Least-squares Method for CR equations

We begin by considering CR equations in the physical domain, which are the equations we want to
solve as mentioned earlier. Let us first suppose that we have triangulated the physical domain on which
CR equations can be solved, and denote the set of these triangles by {T'} and the set of vertices by
{V} = {Vins } U{V4} where {Vj,1} is the set of interior vertices and {V},} is the set of boundary vertices.
We then store the solution values at vertices and assume that the solutions vary linearly within each
element. We now obtain the residuals by integrating CR equations within each element,

Up — //T (& +ny) dady = % S &y, % 3 (11)

i€JT i€JT
1 1
Vp = //T (&y —10) dady = 5 D Gla + 5 > mily; (12)
i€JT 1€JT

where jr is a set of vertices that defines the triangle T' and A{}; denotes a difference taken counterclock-
wise along the side opposite to i. The nodal solutions are obtained by minimizing the least-squares norm
defined by

1
F= 2 Fr= 3 sglor+ve’] (13)
Te{T} Te{T}

where St is the area of the element given by

It has been known that this norm can be rewritten as
1 1
F= > 5//Tvg~vgczx(iy+ > 5//TV77-V77dxdy+ > Sr (15)
Te{T} Te{T} Te{Tn}

where {T},} is the image in £ — 7 space of the triangulation {T'}, and Jr is the discrete version of the
Jacobian in element 7. Note that the last term is irrelevant to the minimization since it involves only
the boundary values of & and n which are given as boundary conditions. Now we see clearly that (15)
is nothing but the energy norm for the two Laplace’s equations, and thus the solutions are in effect
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equivalent to finite-element solutions. Even more importantly, it is understood that minimizing this
norm is equivalent to solving the two Laplace’s equations by finite-element method. Recall again that
the equations we want to solve are the Laplace’s equaitons and also that we want to generate a grid in
x — y space. We then propose to switch the minimization variables, i.e. minimize the energy norm with
respect to not (&;,n;) but (z;,y;), j € {Vint}. Although the norm is not quadratic any more, in this way
we can solve the proper equations as well as treat the grid as unknown once a grid in £ — 7 space and the
boundary conditions are chosen by an appropriate topology of the final grid, e.g. O-grid. Therefore the
equations we need to solve are

OF dFy .
——= ) —— = 0Vje{Vin} (16)
[“)xj TE{TJ-} axj

F
gi: %—T = 0 Vj€ {Vini}. (17)
Vi reqry Y

where {T}} is a group of triangles that share the vertex j. Straightforward differentiation yields
1

ﬁ [ A??TUT — AfTVT — FTAyT] =0 VJ c {V;mg} (18)
Te{T;} T
1 .
> g [FAmVr = AgrUr + Praar] = 0 Y] € {Vin} (19)
refr;y 7T

where A{}r denotes a difference taken counterclockwise along the side of triangle T'. These are nonlinear
equations for (z;,y;), and therefore must be solved by an iterative method.

3 Grid Controls

To control the quality of the grid such as stretching or orthogonality, it is necessary to introduce source
terms in the Cauchy-Riemann equations. We begin by writing the equations in the following form.

&ty = A (20)
ne—& = jw inQ (21)

Then, assuming A and w vary linearly withn each element, we have

1 1 _
Ur = 3 Z &iAy; — 3 Z M Az; — A Sth (22)
1€JT 1€JT
1 1
Vr = 3 Z &l + 5 Z N Ay; — WrSth (23)
1€EJT 1€)T

4 Implementation

4.1 Iterative method

The problem that we have being a nonquadratic minimization problem, the simplest method would be a
method of steepest descent,

n+1 n OF n+1 — oF

T =2l — e —, P —Cy —
. J J Y .
Ox; 0y;

J J (24)

where ¢, and c, are small constants. The steepest descent method is, however, well-known to be very
OF

slow. One reason for the poor performance is its dimensional inconsistency, e.g. af does not have the
J
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dimension of z. One possible way to rescue this situation is the Newton’s method which uses the inverse
of the Hessian matrix. In this study, however for simplicity, we use only the diagonal part of the Hessian
which is easy to invert and still achieves the dimensional consistency. Hence the constant c is replaced

by
-1 -1
Cr =W 82—}— Cy =w 82—}— (25)
v o3 v Y3

where w is a small constant and the second derivatives are given by

P*F 1 J1 ) ., OFp

. > ST|:4{(A£T) + (Anr) }—amjAyT} (26)
Te{T;}

PF 1 [1 ) ., OFrp

o - TE{E;}STL{(A&T) + (80} + G . o)

Another acceleration technique that we use is an iteration of Gauss-Seidel type where (z;,y;) are updated
successively and thus the most recently calculated nodal values are used for the updates. These are in
fact found, from numerical experiments, to be very effective for our problem.

4.2 Diagonal swapping

The minimization strategy described so far preserves the mesh topology. This may be considered as a
defect since the initial topology might not be satisfactory especially if an irregularity exits in the the
domain of interest, e.g. trailing edge of an airfoil. The diagonal swapping can be used to alleviate the
restriction. This is a well-known technique to construct Delaunay triangulations, which replaces the
existing diagonals in all the possible quadrilaterals in the mesh whenever it leads to shorter diagonals. A
suitable criterion for the minimization problem would be to swap the diagonals whenever it yields smaller
norm. In practice we first search the candidate edges by comparing the sum of two F’s of the triangles
that share an edge with that of the other possible pair of the triangles. Next we put them in order of large
reduction of the norm and start the swappings. However every time we swap one diagonal, the remaining
edges to be swapped may not yield smaller norms anymore. Therefore we check the effectiveness of the
swapping again every time before an edge is actually swapped.

5 Numerical experiments

We have generated O-grid and C-grid around a von Karman-Trefftz airfoil by applying the Cauchy-
Riemann method. Here diagonal swapping was not used, instead a favorable mesh topology was chosen
initially. In both cases, the initial grids were generated algebraically. The results are shown in the
following figures. As can be seen in Figure 3, the C-grid generated by the Cauchy-Riemann equations is
not very good in the sense that the grid is not orthogonal near the airfoil surface and that the spacing
near the trailing edge and the wake region is large. In fact the initial grid generated algebraically has
better features. In order to control the qualities of the grid, it may be necessary to introduce source
terms in the Cauchy-Riemann equations, i.e. source or vorticity.
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Fl.gure L A O—grld generated by the Cauchy- Figure 2: The grid in the solution space.
Riemann equations
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Figure 3: A C-grid generated by the Cauchy- Figure 4: The initial grid constructed alge-
Riemann equations. braically.
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Figure 5: A C-grid generated by the Cauchy-

. - . Figure 6: A close view around the airfoil.
Riemann equations with source terms.

6 Concluding Remarks
It was shown that Cauchy-Riemann equations can be used to generate triangular grids around an object.
In order to make the method more practical, it is necessary to develop a technique by which we can

control the quality of the grid. It appears that this can be done by introducing source terms in the
Cauchy-Riemann equations.
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