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1 Fluctuations and Forms of The Euler Equa-
tions

Consider the Euler equations in two-dimensions

ut+fx+gy:0 (1)

where
u = [p, pu, p, pE]". (2)

In the fluctuation-splitting schemes, this is conservatively linearized using the
parameter vector,

w+ Az, +B,z,=0 (3)
where ) }
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L 0 0 zZa z3 |

Note that these are NEITHER Jacobians nor coefficient matrices for the equa-
tions for the parameter vector because we still keep the conservative variables
in the time derivative. A nice thing about this form is that it can be eas-
ily linearized over a triangular element because these matrices are linear in z.
Assuming a piecewise linear variation of z over the element, we see that its
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gradients are constant within the element and therefore we can easily integrate
them to obtain the fluctuation

o — /T w = — /T (A.z, + B.z,) (6)

_ % )3 (Aons, +Buny,) 2 (7)

where Z; are the numarical values of z stored at the node 7, and Az and BZ are
both evaluated at the arithmetic average of Z;. The integration is exact under
the assumption. Therefore, this fluctuation represents the flux balance exactly,

P = j{ fdy — gdx (8)
orT

with a certain quadrature rule which is perhaps very complicated. This is im-
portant for conservation.

Once we linearize the equations, it is a simple matter to rewrite the fluc-
tuation in other forms. For instance, to write it in terms of the conservative
Jacobians, we simply use the transformation matrix,

P = ;Xl: (An% + Bn%) (a,;lzl Z; (9)
= %Z (Anz + Bny> U; (10)

This means that we can use the conservative Jacobians evaluated at the average
state in z as long as we compute the nodal conservative variables from the nodal
parameter vectors using the transformation matrix which is also evaluated at
the same average state, i.e. we must compute U; by

du
0z
Starting with this form, we obtain, for example, the fluctuation for the equations
with the primitive variables w (although not very useful).

U, =12 (11)

w Ow 1 . - ow
1 ~ .
- 32 (Au,n% T Bwnyi) W, (13)
where
ow ow du ow
Wi u Y " Guas b= o, b (14)

Therefore, any form can be used as long as the nodal values are computed from
the parameter vector with a linearized transformation matrix.
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2 Hyp/Ell Decomposition; Preliminary consid-
eration

The two-dimensional Euler equations can be decomposed into hyperbolic and
elliptic parts by using the preconditioning matrix of Van Leer-Lee-Roe,

(15)

3
3
_|_
—_

o3 O O

— o O O

where

8=

{ VI-M?2 M<1 (16)

M2—-1 M>1
L Vi-M? M<1 (17)

Il VI-M2 M>1
This form of the preconditioning matrix is for use in the symmetric form of
the Euler equations which is obtained as follows. Conservative variables are
transformed by a set of symmetrizing variables,

t
ov = [ap, dq, qo8,0p — a>dp (18)
pa

by the transformation matrices

pla 0 0 —1/a?
du up/a pulq —pv/q —u/a®
o vp/a pvlq  pulq  —v/a’ (19)
| paGMP+Y)  pg 0 —gM?
y=14% _(=Du _G=hv (-1
2 pa pa pa pa
o _ —q/ u/(pg)  v/(pq) 0 (20)
du 0 —v/(pa)  u/(pq) 0
[ 52¢*—a®> —(y-Du —(y—1v y-1

Then, the equations are transformed by applying g% from the left,

ov ov ov

ov Ov OJudv Ov_0uodv

o Toutovar Toutava, (22)
ov ov ov
E+AV%+BV@ = 0 (23)
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where the coefficient matrices are found to be

u ua/q —va/q 0
_ ua/q u 0 0
Av = —va/q 0 u 0 (24)
0 0 R
[ v wal/q wa/q 0
_ valq v 0 o0
B, = ua/q 0 v 0 (25)
0 0 0w

which become even simpler if written in the streamline coordinates (with 6
denoting the flow angle),

ov ) ov . ov
a+(AVCOSQ+BVSH19)%+(7AVSH]9+BVCOSG)% = 0 (26)
ov ov ov
vV AS - Br——- = D)
gt TAvVgs tBvg, = 02D
(¢ a 0 0]
s a g 0 0
A= 100 g o0 (28)
00 0 q|
[0 0 a 0]
. loooo
Be = 14000 (29)
00 0 0

This is a consequence of the choice of the symmetrizing variables. We would
have obtained these simple matrices in  — y coordinates if we had chosen

a t
ov = {p’ ou, Ov, Op — azﬁp} (30)
pa
Now we apply the preconditioning matrix to the symmetric system.
ov ov ov
— +P,y | Al — +B! — = 0 31
8t+ ”( V85+ v8n> (81)

Note that this is no longer the Euler equations; we are solving something dif-
ferent which has the optimal condition number. This system itself is not in a
decomposed form. To see the decoupling, we need to express the system using
other variables such as

Ox = [0p — a*0p, Op + padq, BOp + pg*d0, BOp — pg*00]"  (32)

Note that the second quantity may be called enthalpy, but it is not equal to p 0H:
2

Oh = Op+pqdq = p OH — 220 — p9H — 5. (H = E+p/p = e+¢*/2+p/p)
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Matrices necessary to carry out the transformation are give by

0 0 0 1
ox pa pg 0 O
ov Bpa 0  pg O (33)
| Bpa 0 —pg O
0 0 1/(2a8)  1/(2paB)
ov |0 1/(pg) —1/(2paB) —1/(2pgB) (34)
ox 00 1/(2g)  ~1/(20q)
10 0 0
Then we obtain the decoupled system as follows.
oxov 0Ox s OV AN
EE + EPU” <Av8$ + Bv8n> = 0 (35)
ox ox s OV Ox Ov ox SOV Oxov
at (avPv”Avax> avos (avP"”Bvax> avon — 0 B0
ox s 0x n0x
EJFAx% +Bx% = 0 (37
where
g 0 0 0
s _ 0 q 0 0
Ax = 0 0 7qvt —7qu (38)
|0 0 —7qv™ Tqut
0o 0 O 0
no 00 0
B = |, o T (39)
10 0 0 —%1
2 2
+ _ BPEWE-1)

This is one form of hyp/ell decomposition of the Euler. Note that v~ = 0 for
subsonic flows, and then the system is diagonalized completely. In the actual
implementation, it may be convenient to write the system in x — y coordinates.

ox ox ox

4 A, —4+By,— = 0 41
ot T T Py (41)
where
u 0 0 0
0 u 0 0
A, = 0 0 T(vtup—v) ruy— (42)
0 0 —Tuv™ 77(11*;5“)
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v 0 0 0
0 v 0 0
Bx = 0 0 7T(V+ZB+U) —Tov~
_ — T(vTvB—u)
0 0 TUV —

(43)

NOTE: This is different from what Mani used in his Euler code. He further
manipulated the elliptic subsystem to make it simpler. This destroys the optimal
condition number of the subsonic. If decomposition is the only interest, it is

OK.

It is also important in the fluctuation-splitting schemes to know how this sys-
tem is obtained from the conservative form. Tracking back the transformation,

we find the decomposed system is equivalent to

oxodu O0x ov ou ou
v A B— =0
uar " ov Mou ( or + 8y)
where
q a>  —(y—1) —(y=1p gl
ox 2 2q? -(v—2) —(y =2 v -
ou T B (I=yuB—-v (AI=yvB+u (y-—
8 (I-7uf+v 1-—yvB—u (yv-
VT_1q22—612 —(y=1u
axP ov —-q u
v Mon T | 2L +a?) —3(y - DuM? + (u+vp)]
(g% +a?) —Z[(y — DuM? + (u— vp)]
But perhaps more useful ones would be their inverse matrices,
[ _ai2 0 2a12[3 2a12ﬁ
o _u U u_ _ utvf u _ u—vf
u a? q? 2a23 2Bq2 2a23 28q2
a. = v v v v—uf v vtupf
ox TEm @ WP B R
_MQ 1 _ —2 M3 —2
2 4,3 2/3(7 1) 48 2/3(7 1)
—1/a? 1/¢? zqi%
8XP ov _ —u/a? 2u/q? vzqurﬁ
P vll ou - _u/a2 2u/q2 1;21}7{3’
M3y 1
L 2 2 T y=1)M2
Incidentally, the determinant of %Pvllg—:’l is
2r¢*(y — 1)
B

which vanishes at M =1 and ¢ = 0.
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(44)
1
1
g | W)
1B
—(y=Dv v—1
v 0
—Z[(y = Do M? + (v — up)] (v;gﬂ\/f;@(
—Z[(y = YoM + (v +up)] L=UHL
(47)
B
s
21?:5 (48
2q%T

=1+ emyyred =+ emyred

(49)
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In the actual coding, we work with the decomposed form of the Euler,

X 1 A N
o* = o Z (Axnxi + anyi) X; (50)
where
ox

we distribute this to the vertices of the element, ®¥ (i = 1,2,3). What variables
to update with it requires consideration of conservation.

3 Hyp/Ell Decomposition; Revised

The decomposition in the previous section is not unique in the sense that we
may express that in other variables. For example,

t

ox = {7;1(31) —a*dp), pdH, BOp + pq*d8, BOp — pg0b (52)

This decomposes the symmetric Euler in the exactly the same way as before.
The resulting decomposed form is identical to (37) - (43). This set of variables
is convenient if we work with the parameter vector since the transformation
matrix is simple.

(1—=2v)zq + - (z2 +22) —29 —23 21
0x —Z4 0 0
e = LEES B g gy B0 4 5(7—1)2(153
6(77 D, B0 oy B0 zam7 D,

This is exactly what Mani presents in his thesis (cf. p.90). But strangely, the
variables he presents are different from (57). On the other hand, the inverse
transformation matrix is given by

0z
& = [rsa T, Cyty Ty 7] (54)
where
oL 0
r. — _L%IW %2 ry = i 2 (55)
s - 2 z H = 2 z3
vpPq 3 rq 3
g’ pq
221 z1
M2Zl M2251
r . 1 (M2—2)22—2ﬁ2’3 r . 1 (M —2 22+26 656
WU 4Bpg | (M2 —2)z5 + 282 YT T 4Bpg? | (M2 —2)z5 — 2825
M2Z4 M2Z4
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These vectors agree with Mani’s, up to a scalar factor (cf. p.91).
What if the entropy variable is not without the factor ﬁ?

Ox = [(8p — a2dp), pOH, BOp + pg*09. BOp — pg*08]' (57)

This again decomposes the symmetric Euler in the exactly the same way as
before. The resulting decomposed form is again identical to (37) - (43). The
transformation matrix is now

L2 ((1 = 2)za + (23 + 23)) o ~ta
ox —24 0 0
oz 6(77—1)24 _6(7—1)Z2 ~ 2 B(v7—1)23 1z
6(77—1)24 —6(77_1)2'2 T2 _/3(77—1)2,3 2

S0, the only the first row has been changed. The change in its inverse transfor-
mation matrix appears only in ry by a factor of v/(v — 1), i.e.

-1
_14—V7M2 PR

(y—=1)pg® | =3 (59)

Tg ==

and everything else stays the same.
In the case of subsonic flows, Mani uses different set of variables for the
acoustic system, which appears to be

t
ox = ”T_lwp ~ a20p), p0H, %ap, P20 (60)

We then have

(1=27)z+ (3 +23) —22 —2z3 =

ox —2Z4 0 0 21

e — 1

8Z z4 —2Z9 —Z3 z1 (6 )
0 —Z3 z9 0

For this set of variables, we can easily obtain the corresponding vectors from
those in the previous results.

£e 0
1+ 202 ;4 1 29
r« = - 2 2 2 rg = —9 2 (62)
Ypq z3 rq 3
pq> Pq”
221 zZ1
2
rz—2)?1 0
(y - D(M* -2) 22 1 —Z3
_ = 63
' 4y pg? 23 YT | 2 (63)
M2
Tz 0
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These vectors again agree with Mani’s, up to a scalar factor (cf. p.98). With
this choice, the decomposed system becomes

ox ox ox
— +A—+B?’— = 0 64
o T a5 TP, (64)
where
g O 0 0
A 0 ¢ 0 0 -
N = 2
X 0 0 T(]\/ngl)q 0 ( )
L0 0 0 Tq
0 0 0 0
0 0 0
n —
Bx = |0 o 0 (66)
1 00 "’%Tq 0
How about this?
-1 '
ox = T(Gp —a?dp), pOH, dp, pq?o0 (67)
We now have
(1—27)z4 + %(zg + 23) —29 —23 21
ox —24 0 0 z1
= = _ _ _ _ 68
0z 77124 —A/lez —7712’3 77121 (68)
0 —Z3 Z92 0

For this set of variables, we can easily obtain the corresponding vectors from
above.

2

gL 0
1+ 262 ;4 1 22
I T T (69)
Pq z3 P 3
pq> g~
2z1 Z1
M?
or ) ar—n* 0
M —2 z92 1 —Z3
_ = 70
' 482 pg? z3 T | m (70)
M2
gy 0

These vectors again agree with Mani’s, up to a scalar factor (cf. p.98). With
this choice, the decomposed system becomes

ox s 0x n0x
E‘FAxgﬁ-Bxafn =0 (71)

(©2004 by Hiroaki Nishikawa 9
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where
¢ O 0 0
AS 0 g 0 0 (72)
= 2_
X 00 7'(]&22 l)q 0
L0 O 0 Tq
[0 0 0 0
" 00 0 0
B = loo 0 2 (73)
L0 0 7¢ O
Finally, I've decided to use this,
ox = [(8p — a’dp), pdH, dp, quaa]t (74)
We then have
7771((1 —27)z4 + (25 + 23)) —%122 —WTAZ?) %7121
% . —Z4 0 0 21 (75
9z ﬁ(v;l)zél _ﬁ('yvfl)z2 _ﬁ(vﬂ;l)z3 ﬁ('wal)zl
0 —Z3 Z9 0

For this set of variables, we can easily obtain the corresponding vectors from
those in the previous results.

o 0
1+ 25002 | o, 1| 2
B = T TR | s | TH T o | 2 (76)
(v = 1)pg 3 P )
Pq” Pq_
221 Z1
M2
or ) ar—y~l 0
M= —2 z9 1 —Z3
r, = —— >~ rg= - 77
P 462 pg? %3 "7 22 | 2 (77)
M
=z 0

These vectors again agree with Mani’s, up to a scalar factor (cf. p.98). With
this choice, the decomposed system becomes

ox s 0x n0x
E-FA,(%—FBX% = 0 (78)

where

oo ox
cow o
=X
%
|
=
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0 0 O 0
no 0 0 O
Bx = oo 0 2 (80)
0 0 7¢q O
In z-y coordinates,
ox ox ox
Z 4 A= +B,= = 1
ot " Moz TP 0 (1)
where
[ u 0 0 0
A 0 u 0 0 -
= r2
* 0 0 T(Ngz_l)u — =V (82)
L 0 O —TV U
fv 0 0 0
B 0 v 0 0 %3
= 2
* 0 0 T(Mﬂfl)v Fu (83)
L 0 O TU TV

4 Conservation Issues

Conservation property is believed to be important. It is certainly important
for computing moving shocks in a time-accurate manner. But it may not as
important as it seems in the steady-state calculation.

Quantities to be conserved are the conservative variables. To ensure the
conservation while utilizing the Hyp/Ell decomposition, we transform the split
fluctuations back and update the conservative variables.

- N -1
At 0x_~ Ov
U § (e —Pu— ¥ 4
Uj Uj v Z <8v ””3U> ®; (84)
Te{T;}
so that if we sum up the changes in Uj
gx - v\
X_~ OV
DViU Uy = =) A Y <8VPuzzau> oy (85)
ally allj Te{T;}
. U
ox_~ Ov
2.2 <8VPU”8u> ®; (6)
allT ie{ir}
- oy -1
Ox_~ 0v
= At A _ T oll 7 *
Z <8VP ”8u> ¢ (87)
allT
- N -
Ox_~ 0v ox_~ 0v
= —At —P— —Pu—|®
;<8V ”8u> <8v ”6u> (88)
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= —At) @ (89)

allT

= -At) f{ fdy — gdx (90)
oT

allT

The contour integral is exactly expressed with the conservative linearization,
and therefore the quantity on the left depends only on the boundary data, i.e.
conserved. In the case of local time-stepping, the method conserves

ViUt - up)
2, oy

allj

Note that any effect of preconditioning is cancelled at the stage of update. It
was used solely for distribution purposes. Also, note that the inverse matrix is
singular at stagnation points.

Another thought would be that we update the parameter vector directly
from the decomposed fluctuation.

At oz
n+1 n X
=z - = Z (92)
7 re{r;}

It is easy to show that this does not conserve anything. Also, the preconditioning
remains, i.e. we are solving the altered form of the Euler equations. But at a
steady-state*, we have

P* ~0 (93)
or
Ix _~ Ov
—Py—|®=0 94
<8V vll au> ( )
which is equivalent to
P ~0 (95)

provided the matrix (%P;”g—:’l) is invertible. If valid, this shows that the

steady-state solution is a solution of the steady Euler equations (zero flux bal-
ance for all elements). In this sense, we may perform the update by applying
the transformation at vertices,

At [0z
n+1 n X
=70 - v () | P (96)

This is again not conservative in its transient phase. But the steady-state solu-
tion would be correct in the same sense as above.

*fluctuations are not exactly zero at a steady-state.

(©2004 by Hiroaki Nishikawa 12
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For time-accurate calculations, it is important to be conservative. The
method has to be conservative at each time step. We can achieve this with
non-conservative methods such as above by using the technique of dual time-
stepping. We seek a steady-state solution in a pseudo-time 7 of the system,

u, = — (Au, + Bu, +w) (97)

treating the real-time derivative as a source term. The discrete version is

yrtLE+L _ gntlk g Z D, (98)

J J :
7 Te{Ty}

where ®; is a portion of the total fluctuation ®,

o= ;Z (Anzi + Bnyi) U, + /T u, (99)

whose last term is suitably discretized in time. Thus, at each real time-step,
we solve the steady-state problem to compute U}’H. In solving for the steady-
state, we may violate conservation. For example, we may use the decomposition
method,

n+1,k+1 _ mn+lk (AT)j 0z x
z =zt - (ax A > @ (100)
! I Te{T;}
At the steady-state, we have
Ix_~ Ov
P*=| —P,yy— | P=0 101
<8V ll@u) (101)
which implies
1 - .
® = Z (Anmi + Bnyi) U, + /T w, ~ 0 (102)
Therefore,
1 - .
Z/TutzZ§Z(Anwi+Bnyi)Ui:Zﬁdey—gdx (103)
allT allT = 4 allT

which depends only on the boundary data. This shows that it is important to
keep the conservative linearization even though the method itself is not conser-
vative in the pseudo-transient phase.

(©2004 by Hiroaki Nishikawa 13



