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Abstract

In this note, we explicitly write out the scheme resulting from the RKDG formulation for three-dimensional

MHD equations with the divergence-free technique of Balsara.

1 Geometry of Computational Cells

We consider Cartesian meshes in this note, so that a computational cell of interest here is a regular cube with its

length in each dimension denoted by Az, Ay, Az. The coordinates used throughout this note are local:

- =<y

Az Az Ay Ay Az Az
< ——F5 Sy —, — <2< —.
2 2 2 2 2 2

Of course, because it is a cube, we have Az = Ay = Az. The volume of the cell is AV = AzAyAz.

2 P! RKDG (2nd Order Scheme)

2.1 Basis Functions

Within each cell, for each cell-centered variables, we define a piecewise linear variation in the following form.

up(w,y,2,t) = up(t)do + us(t)d1 + uy(t) P2 + u.(t)ds
where
¢0:17 ¢1:£a ¢2:Aiy7 ¢3:£7

and the variables to be evolved are

up(t), ug(t), uy(t), u.(t).

Note that the basis functions are orthogonal, and therefore we have

1 0 0 O
0 &5 0 0
b - 12
/V Gip; AV = AV 0 0 le 0
00 0
The gradient of each basis is given by
gradgg = 0

(1)
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grad¢; = <1,0,0) (7)

Az
grad gy = <0,A1y,0) (8)
grad ¢3 = <O’O’Alz>' 9)
(10)

In the divergence-free method, we carry the normal component of the magnetic field on the faces. Hence, within
each face also, we define a piecewise linear variation in a similar form.

A
Bz =yt = By + By(t)s + BI(t) (11)
where
_ - Y -z
11[}0 - 17 1;[}1 - Ay’ 1/)2 - Az (12)

and the variables to be evolved are
Bg(t), By(t), BI(t) (13)

Note that the basis functions are again orthogonal, and therefore we have

1 0 0
/ Yih;dS=AyAz | 0 15 0 (14)

s 0 0

The gradient of each basis is given by
gradyy = 0 (15)
1
grad wl = (07 Ky) O) (16)
dvys = (0,0 L (17)
gra 2 = y Yy Az

(18)

The variations of y-component and z-component, (BY and B?) are defined analogously (a matter of a simple cyclic
premutation among z, vy, z)

2.2 The Conservation Law

Consider the three-dimensional MHD equations in the conservative form.
U+ divF =0 (19)

where U and F denote a vector of conservative variables and the associated flux tensor F = (F, G, H). Let v be a test
function. Then, we define its weak form by

/athdV+/divdeV:O (20)
Vv \4

which becomes

/athdVJrj{ vF, 7/ FgradvdV =0 (21)
% v v
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where F,, is the normal flux vector.
Now, introducing the finite-element approximation, and choosing the test function to be one of the basis function,
we obtain

14 oV |4

Note that the integrals are restricted to a particular cell since basis functions are discontinuous across the cell boundary.
By orthogonality of the basis functions, the equations for each variable are completely decoupled as follows.

dUy 1
o _ - 4 F 2
dt AV Jay nd5 (23)
du, 12
e ( X [ ) (24)

s
T

von )

dUQ 1 [ Az - Az 1
a1 Ar /F(I 2007 )dde/F(IQ’y’Z) dydz} AyAz 27
+1_/G Ay, dd—/G — =Y o) dwd
v T,y = zdz Ty ===z | dedz| S
10 Az Az 1
R e e L e Y F
1 dU, 17T Az 1 Az 1 1
wa * oas P Tws) (5) v [r(e=-Fs) () o g @
1 [ Ay Ay 1
1 [ Az Az
N / F(2,y,2) dedydz| ———— =0
Az | )y Oy, =) arayaz AxAyAz
1 dU, 1 Az Az 1
e Gt Ry B e A R L T e el )

Q

1
x,Y, 2) dxdydz} NN 0

1 dU, 1 [ Az Az 1
B a T As /F(»’U— Q,Z/,Z> ¢3(Z)dyd2—/F($— —27:%2) ¢3(2)dyd2] AyAz (30)
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1 Ay Ay 1
+ Ay _/G <x,y = ,z> z)dxdz — | G < ,z> o3(z) dxdz} N

| /
L[l 5) @) (s $) () o] s

- || H
s /V (x,y,z)dacdydz} ArAUAS A AT

2.3 The Stokes’ Law

Now consider the Stokes’ Law

OB+ curlE =0 (31)
where B = (B*,BY, B*) and E = (E;,E,, E.). Its weak form is given by
d
— vB~dS—|—/ vewlE-dS =0 (32)
dt Jov ov
which becomes
— B-dS +/ curl(WE) - dS — (gradv x E) - dS = 0. (33)
dt ov av

Introducing the finite-element approximation, and choosing the test function to be one of the basis function, we obtain

/ Uy ¢; dV +j'{ ¢;E - dl —/ (grad ¢; x B) - dS = 0. (34)
1% oS S

Note again that the integrals are restricted to a particular cell face since basis functions are discontinuous across the
cell-face boundary. By orthogonality of the basis functions, the equations for each variable are completely decoupled

as follows. Over the face at x = %
dBE 1
& = “ngf B (3)
dB¥* 12 1
L = = E~d1——/Ezd
dt AS ( 05 ?/)1(31) Ay < S) (36)
BT 12 1
@ AS( 8S¢2(2)E'd1+AZ/SEde> (37)
Similarly, at y = Ty
dBY 1
=0 = — ¢ E-d
dt AS 7{95 (38)
dBY 12 1
i = A8 ( [RCIOLRIE /SEwd5> (39)
dBY 12 1
T 2 E-d+— | E.d 4
b 5 (f wtr a5 [ pas) (40)
and at z = %
dBZ 1
= —— E-dl 41
dt AS j’is (41)
dB? 12 1
N E-d—-—— [ FE 42
@ 5 (f oma- g [ Bas) “2)
dB; 12
Y= = E-dl —/E ds 43
7 S( 8Sw2(y) + ) (43)
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Made more specific to a Cartesian cell, these equations are written, at z = &

dBE

2

dt

1 dB:

s {7 (=) [ (=)
e (=) [ (A ) o

12 dt

1 dB®

el 2 Qe 62 (e
_/E <y7z— 2 dy+/E <y,z_—>w1() }

Ay U B dydz] Ayhz

12 dt

Ay
2
dBY
dt

Similarly, at y =

1 dBY

AylAz{/E (y—z)% dz—/E ( )wg(z)dz
5 (o= 5) Qo [ e=) ()0

1
N {/S Eydydz] Ayhz 0

oA {/E (ZZA;’Q dw—/Em <z=—A2Z,x) de
/E (z:v-)dz+/E (zx__i)dz}

12 dt

1 dBY

Azle {/Em (Z_ A22x> <1) dm*/Em (Z_AQZ’x> <;> o
_/E <zz—) dz—i—/E (zx_—)wl() }

1
~ || E =
Az { /S Idm] AzAg

12 dt

Similarly, at z = S&
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sa * ma) BT G)e- [l ()
B (= ) wierte s [ 5. (rr= -2 )

1 1
_ = E -
Az [/s ydxdy] AxAy 0

1 dB; 1 Ax
12 dt + AzAy {/Ey <x 2’y> valy
Ay 1 Ay 1
_/Ex (x,y_ 5 > (2>daj+ E, <x,y—— 5 ) <—2>dx}
1 1
— E =0.
+ oy L Eets] g =0

3 P? RKDG (3rd Order Scheme)

3.1 Basis Functions
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Within each cell, we now define a piecewise quadratic variation in the following form.

up(@,y,2,t) = uo(t)do + uep(t)P1 + uy(t) P2 + uz(t) 3 + Uga (1) Pa + Uay(t)ds
+’U’U7/(t)¢6 + uyz (t)¢7 + Uzz (t)(bS + Uzy (t)(bQ

where
¢o = 1
x
o = s
- Y
¢ = Ay
z
¢3 = N
ps = ¢%($) - %
¢ = o1(x)p2(y)
b = ) -1
b7 = ¢2(y)93(2)
1
o - oL
P9 = o103

and the variables to be evolved are now

uo(t)> um(t)v uy(t)a uz(t)7 urm(t)’ umy(t)7 uyy(t), uyz(t)v Uzz(t)a uza?(t)a
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Note that the basis functions are still orthogonal, and therefore we have

1 0 0 0 O 0 0 0 0 0
0o &5 0 0 0 0 0O 0 0 0
00 5 0 0 0 0 0 0 0
00 0 &% 0 0 0 0 0 0
P 00 0 0 &% 0 0 0 0 0
/dej WV=AV1g 0 0o 0o 0 4 0 0 0 0 (65)
00 0 0 0 0 % 0 0 0
00 0 0 0 0 0 & 0 0
00 0 0 0 0 0 0 ¢ O
00 0 0 0 0 0 0 0 |
The gradient of each basis is given by
grad¢g = 0 (66)
1
graddy = <Ax7 0, 0) (67)
1
gra‘d ¢2 = <07 72/’ 0> (68)
1
gradgs = (0, 0, z) . (69)
B 2 ¢1 (CL‘)
gra‘d ¢4 - ( N 0,0 (70)
([ $20y) i(z)
grad ¢5 - < Az ) Ay 70 (71)
2
grad ¢6 = <07 ng(/y) ) 0 (72)
_ ¢s3(z) ¢2(y)
grad ¢7 - <0a Ay ) Az (73)
2 z
grad ¢8 = (Oa 0, ﬁ)i ) (74)
_ (9s(2) | ¢1(2)
grad ¢9 - < Az 707 Az (75)
(76)
Similarly, on the faces, we define a piecewise quadratic variation.
Ax
B” (1‘ = 5 Y, 2, t> = BJ (t)o + B; ()1 + B? (t)e + Bgy (t)s + B;z )y + B?, (t)s
where
Y z 9 1 1
== 1 = — = — = —_ — = = _
1/10 ) 1/]1 Ay, wQ AZ, ¢3 ¢1 (y) 127 ¢4 wl (y)wQ(Z)a wd qu(Z) 12
and the variables to be evolved are
By (t), By(t), BI(t)), By,(t), By.(1), BL(1). (77)
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Note that the basis functions are again orthogonal, and therefore we have

1 0 0 O 0
AN
o)y — 12
/5¢ij dS = AyAz 0 0 0 ﬁ 0 0 (78)
00 0 0 5 O
00 0 0 0 55
The gradient of each basis is given by
gradyg = 0 (79)
1
grad 7/)1 = (07 72/7 0) (80)
rady, = (0,0 1 (81)
g 2 = ) 7AZ
2
madve = (0251 0) (52
_ Ya(2) ¥1(y)
gradwﬁl - <O7 Ay 3 Az (83)
_ 21(2)
grad 7/’5 - (07 07 Az (84)
(85)

The variations of y-component and z-component, (BY and B?) are defined analogously (a matter of a simple cyclic

premutation among x,y, z). For example, we have, at y = %
gradiyg = 0 (86)
1
grad ¢1 = <Oa 0, ) (87)
z
radyy = = 0,0 (88)
g 2 — A.T’ )
2Y1(2
grad 1/]3 = <07 Oa dﬁi ) ) (89)
[ i(z) | Ya(2)
grad ¢4 - < Az ) 07 Az (90)
2 1ﬁ2 (a:)
= = 1
medvs = (2200 (o1)
(92)
and at z = %
gradyy = 0 (93)
1
- — 4
gra’d ’(/}1 (Aaj ) Oa 0) (9 )
radys, = (0 Lo (95)
g 2 = ’ Aya
grad 1/’3 - ( Az ) Oa 0 (96)
(©2003 by Hiroaki Nishikawa 8
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gradipy = (‘Z’Z(i) wlA(;),()) (97)
- 22(y)

gradys = (0, Ay ,O> . (98)

(99)

3.2 The Conservation Law

Because of orthogonality of the basis functions, the equations for the variables up to first-order remain intact. For the
second-order moments, from

/ 9,Uy, ¢; AV + jq( 6,F, dS — / F grade, dV = 0. (100)
|4 oV |4
we obtain
dU s 180 2
7 =y (f Feo@as- 2 [ Fawav) (0n)
w., _ _u s s
N (ﬁv Fn ds(0,9)dS = 17 /V-F(bz(y) W Ay GO dV) (102
qU,. 1 1 s
= (fgv F, ¢7(y,z) dS / G ds(z)dV / H o(y dV) (104)
dU,, 144
Ve (f ., b0z :c)dS——/ Fos@)dv -5 [ Hons dV) (106)

Made more specific to a Cartesian cell, these equations are written

Py T P
+ Aiy :/G(gs,y: A2y,z> ¢4($)dacdz—/G(a:,y=—A2y,z> ¢4($)da:dz] Aa:lAz
+ é /H (m,y,z: A;) ¢q(x) d:zcdy—/H (sc,y,z: —A;) ¢q(x) d;vdy} AxlAy
_ A% /VF(:E y,2) dul )dxdydz] mzo (107)
B () () (- 00) () o]
+ iy_/G(x,y A2y,z> o1 ( ( )dxdz—/G(xy—— ) < )dxdz} AxlAz
+ A1Z/H 2,y >¢5xydxdy /H(zyz ) :z:ydxdy]AxlAy
- = /VF(x v,2) daly )dmdydz] AmyAz A VG ,9.2) bi(x )da:dydz] AxAlyAz:OlOS)
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s a7 (o= ) wans — [F (o= =5 ) onti) dvis] o
o [fo =80 () i [ (50 (2) ] S
+ é /H (wyz = A;) 6 (y) dfcdy—/H (xyz = —A22> 6 (y) dwdy} A;A
- Aiy -/‘/G(Jc,y,z) ®2(y) dwdydz} AxAlyAz = (109)
e | (=5 et vz = [ F (0= -5z orton ) o] 5o
+ Aiy /G <x,y = A2y,2> ¢3(z) <2) dxdz—/G <x,y— Ay >¢3( ) (—;) d:cdz] Aa:lAz
+ é /H (z,y,z = A;) $2(y) (1> dxdy—/H <x,y,z = _A;) $2(y) <—;> dxdy] AaslAy
_ Aiy :/VG(x Yoz dmdydz} AmAyAZ _ 12 [/VH(x v, 2) baly )dmdydz] m — 0110)
Klodldjtzz ﬁ /F (33 = ;yz> ¢s(y) dydz—/F (fc = A;yZ> ¢s(y) dde_ A;AZ
+ Aiy /G (:E,y = A2y,z) os(y) dadz — /G (x,y = —A2y,z) os(y) dxdz: Aa:lAz
+ Aiz :/H<m,y,z: AQZ) (é) dxdy—/H<x,y,z: —A22> é) d:rdy: AxlAy
- 2 :/‘/H(Q:,y,z) e )dxdydz} m - (111)
3.3 The Stokes’ Law
In the same way, from
/ 0/Uy, ¢; dv+]{ ¢jE-d£f/ (grad ¢; x E) -dS = 0. (112)
1% s s

A: [ Enwas)

we obtain over the face at z = &2
% _ 1;3( aswg(y)E-dﬁzy/SEzwl(y)dS)
% _ _1;;1( 8Sm(z)E.dz—Aiy/sEzwz(Z)dSJr
dfjti"z _ _% (ﬁsw5(z)E~dﬁ+AQZ/SEyiﬁz(Z)dS)
Similarly, at y = %
dffz _ ,% (fgsqu(z)nde;z/&w(z)ds)
= o (e g [ g o)
dl;t;’x _ _% <]gs¢5(x)E-dz+/Ezw2 dS)

(©2003 by Hiroaki Nishikawa 10
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and at z = 5
dBZ., B 180 _
e AS( Va(@)B- dl / Bynle ds)
dB: 144
oy _ AS( G- dff—/Eng ) dS + /E e dS>
dB? 180
GByy  _ 2
7t AS( Y5(y)E - dl + / E;a2(y dS)

Az

Made more specific to a Cartesian cell, these equations are written, at © = 5

7

%di?y AylAz{/E (y_Ay )()d _/E (y__ )(é)dz
—/Ey (y,z—A;> z/zg(y)der/E <y,2)1/)3( )d }
- A [/SEzdjl(y)dydz} AylAZ =0 (113)
ma o ma ) (5 () s o (v=-5e) (55) e
/E (y,z—AZ) ( ) dy+/E (y,Z——A;> (—;) 1h(y)dy}
A { /S E. 1s(2) dydz} @ + { /S Ey1(y) dyd:/:] A;AZ = (114)
ﬁdgfz AylAz {/E (y: Ay’z> %('z)dz_/Ez (y Ay )wE’( )
%) (o o fe ) ()
+ é US Ey by (2) dydz] A;AZ = (115)
Similarly, at y = 52,
B () (e r(--20) (e
_/E (zx_m> z+/E <zx_—)w3() }
- [/ Byt ( )dzdx} AzAx_O (116)
W Sl (3 o) o
/E(x Ax)() dz+/E<za:——2><;> }
- L { [S E, ¥s(2) dzdx} . [ / E. (2 dzdx} (117)

(©2003 by Hiroaki Nishikawa 11
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1 aBy, | A A
180 dt * AzAx {/Em (Z - 2,m> V5 () dz — /Ez <Z = Q’x) Y5 (x) dx
2 6 9 6

2 1

o A
Similarly, at z = 57,

1 dB:, 1 Az 1 Az N\ (1L
80 At Aa:Ay{/Ey@‘fy) (6 dy‘/EyG‘ 2 ’y> <6>dy
A
/Ez(x,y;)@b
i | [ Bt o] =0 (119)
144 dty + AzAy {/Ey (37: ;71/) (2> wz(y)dy—/Ey (x:—;w) <—2) Va(y) dy

o) (@)t =) () o]

1 1 1 1

AmA Ay

iy S
/E (=5 () ae+ [ e (rr=-F) (5) =}
N [ / Ezw(y)d:rdy} ox =" (121)

4 Time Integration

To integrate the equations derived in the previous sections, we employ the second-order and third-order accurate
Runge-Kutta schemes as in Shu’s paper for P! and P? discretization respectively. Writing the equations derived
above in the form

%;J — L), (122)

we implement the second-order scheme in the form
U = U+ ALL(UY) (123)
Uttt — % (U” n U(l)) + %AtL(U(l)), (124)

and the third-order scheme in the form

Ul = U™+ AtL(U") (125)
U® = i (3 u” + U(U) + iAtL(U(l)) (126)
Ut — % (U” n 2U<2)) + %AtL(U(Q)). (127)
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