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1 Notations

Consider a triangle, T', having vertices 1, 2, and 3 ordered counterclockwise. The vertex coordinates are
denoted by (z1,y1), (22,¥2), and (z3,ys). The centroid coordinates are denoted by (2, y.) = ((z1 + 22+
x3)/3, (11 + y2 + y3)/3). The difference operator, A();, is defined by

Az =29 —x3, Axg =23 — 21, Ax3z=2 — T3,

and similarly for y. The centroid difference operator, A();., is defined by

Azie = x; — ¢,

for i = 1,2,3, and similarly for y. The triangle area is denoted by St.

2 Integration Formulas I

We consider integrations in the following form:

1

Im,n) = 5o /T (2 — 20)™ (y — yo)" do dy

where m and n are integers. It can be evaluated as follows:

1(1,0) = 1(0,1)=0
1 1< 1<
= —_ 2 2 = — 2 = — 2
1(2,0) = %6 (Az3 + AzyAzs + Az3) = i; Az 51 ;:1 Axs,
1(3,0) = iA Aza A *i|SIA4
, - 9 T1cRAT2AT3c = 20 1l Lic

2
1(4,0) = 2—70{361(20 =30 {ZA%}

1(5,0)

Awchxgchgc{%I (2,0)} =5 H Az, Z Ax?,

similarly for 1(0,m), m = 2,3,4,5.

1(1,1)

1(2,1)

540

72

3 3
1 1 1
— {(2Ay3 + Ayg) Al’g + (2Ay2 —+ Ayg) A.’EQ} = —72 ‘:E 1 AxlAyl = —24 A:E 1 AxiCAyic

— (2Ay3 + Ays) Az: + 2 (Ays + Ays) AzoAxs + (2Ays + Ays) Am%}

(1)
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1(3,1)

I(4,1

N~—
Il

1(2,2)

1(3,2)

ST Z AzibaieAy; = o Z Az2 Ay, (10)
540{361(2 0)} {(Ayz + 2Ays) Azs + (Ays + 2Ay2) Axa}
5310 (Ays + 2Ay3) Azl + 3 (Ays + Ayz) Azo Az + 3 (Ayo + Ays) AzjAzs + (Ays + 2Ays) Az}
,] 2,0) Z Az Ayic = 120 iAmw i:Awayw (11)

i=1 i=1

8505 ——{5(2Ays + Ays) Ax2 + 4 (5Ays + Ays) AI;AJ??, + 6 (Ays — Ays) Am%Am%

—4 (5Ays + Ays) AargAx3 —5(2Ays + Ays) Ax%}

1 E - - :
5100 {2 1;[1 Azic 2 AzieAyic + ; Az}, 2 Ax?cAyic} (12)

(13)

{(Aa:3 (Azxs + Ax3)2) Ay2 + 2 (Azy 4 Azs)® AyaAys + (Az3 + (Azs + Azs)?) Ayg}

=
3
%Z ZAwayw (14)

4
540 - 63
— (15Am§ — 3A23 + 6Az3Az;) Ayi Ay, — (10Ax§ + 10AzAzs + Am%) Ays}

3 3 3 3 3 3
ﬁ {H Azic Y AyE+ > AxZ > Amic Ay +2> Aa? Ay Y A%Ayic} (15)
=1 =1 i=1 =1 i=1 i=1

{(10A33§ + 10AzsAzs + Am%) Ays + (15A33§ —3A23 + 6A$3A$2) AysAys

3 Integration Formulas II

Next consider

It can be evaluated as follows:

I15(0)
I>(1)

I5(2)

I5(3)

- 55 [ el =)+ by -y} dedy (16)

1
= 5 (17)
= 0 (18)
= a?I(2,0) 4 2abI(1,1) + b*I( =5 Z {a?Ax?, + 2abAz; Ay;e + B Ay2 )

1< 1<
— R e . . 2
= 5 z:: (aAze + bAyw) = ; (aAz; + bAy;)

1

{62 (Ay3 + AyaAys + Ayz) + ab (AzaAys + AxsAys + 2Ax9Ays + 2Az3Ays)

+ (Ax3 + AzyAzs + Ax3)} (19)
a31(3, 0) + 3a?bI(2,1) + 3ab®I(1,2) + b31(0,3)

{b(Ays 4+ 2Ay3) + a (Axs + 2Ax9) } {b(Ays — Ays) + a (Axg — Axs)}

 15% 36
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{b(Ays + 2Ays3) + a (Axs + 2Az3)}

1
= 37 (aAzxsz. + bAys.) (aAx1. + bAY1.) (aAza. + DAYs,)
_ % [ (adwic + bAy:.)
=1
1
= 3 ( 3 H Az +a’b Z Az? Ay + ab® Z Az Ay;, + 0 ]| Ay,c) (20)
=1 =1 =1 =1
2 24 1 [ ’
N 2 _ &% 2_ ] 2
= 41(4 0) + 4a®bI(3,1) + 6a%b*1(2,2) + 4ab®I(1,3) + b*1(0,4) (21)
60 4
I(5) = 129536 {3612(3)} {3612(2)} = —m{—54012(3)} {3612(2)}
2160
= @{12(3)} {12(2)}
3 3
80 1 1
=~ 5 };[1 (aAxmic + bAY;.) ﬂ ; (aAx;e + bAch)
1 3 3
- H (aAz;. + bAY;.) Z (aAze + bAyic)2
=1 =1
= a’I(5,0) + 5a*bI(4,1) + 10a*b*1(3,2) + 10a®b*1(2, 3) + 5ab*I(1,4) + b°1(0,5) (22)
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